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On the derivative of the Minkowski question mark funtion ?(x)
Anna A. Dushistova, Nikolai G. Moshhevitin
1
Abstrat
Let x = [0; a1, a2, ...] be the deomposition of the irrational number x ∈ [0, 1] into regular on-
tinued fration. Then for the derivative of the Minkowski funtion ?(x) we prove that ?′(x) = +∞
provided lim supt→∞
a1+...+at
t
< κ1 =
2 log λ1
log 2
= 1.388+, and ?′(x) = 0 provided lim inft→∞
a1+...+at
t
>
κ2 =
4L5−5L4
L5−L4
= 4.401+ (here Lj = log
(
j+
√
j2+4
2
)
− j · log 2
2
). Constants κ1, κ2 are the best possible.
Also we prove that ?′(x) = +∞ holds for all x with partial quotients bounded by 4.
1. The Minkowski funtion ?(x). The funtion ?(x) is dened as follows. ?(0) = 0, ?(1) =
1, if ?(x) is dened for suessive Farey frations p
q
, p
′
q′
then
?
(
p+ p′
q + q′
)
=
1
2
(
?
(
p
q
)
+?
(
p′
q′
))
;
for irrational x funtion ?(x) is dened by ontinuous arguments. This funtion rstly was onsidered
by H. Minkowski (see. [1℄, p.p. 50-51) in 1904. ?(x) is a ontinuous inreasing funtion. It has
derivative almost everywhere. It satises Lipshitz ondition [2℄, [3℄. It is a well-known fat that the
derivative ?′(x) an take only two values - 0 or +∞. Almost everywhere we have ?′(x) = 0. Also
if irrational x = [0; a1, ..., at, ...] is represented as a regular ontinued fration with natural partial
quotients then
?(x) =
1
2a1−1
− 1
2a1+a2−1
+ ...+
(−1)n+1
2a1+...+an−1
+ ....
These and some other results one an nd for example in papers [4℄,[5℄,[2℄.
Here we should note the onnetion between funtion ?(x) and Stern-Broot sequenes. We
remind the reader the denition of Stern-Broot sequenes Fn, n = 0, 1, 2, . . . . First of all let us put
F0 = {0, 1} = {01 , 11}. Then for the sequene Fn treated as inreasing sequene of rationals 0 = x0,n <
x1,n < · · · < xN(n),n = 1, N(n) = 2n, xj,n = pj,n/qj,n, (pj,n, qj,n) = 1 we dene the next sequene Fn+1
as Fn+1 = Fn ∪ Qn+1 where Qn+1 is the set of the form Qn+1 = {xj−1,n ⊕ xj,n, i = 1, . . . , N(n)}.
Here operation ⊕ means taking the mediant fration for two rational numbers: a
b
⊕ c
d
= a+c
b+d
. The
Minkowski question mark funtion ?(x) is the limit distribution funtion for Stern-Broot sequenes:
?(x) = lim
n→∞
#{ξ ∈ Fn : ξ 6 x}
2n + 1
.
2. Notation and parameters. In this paper [0; a1, ..., at, ...] denotes a regular ontinued
fration with natural partial quotients at. kt(a1, ..., at) denotes ontinuant. For a ontinued fration
under onsideration the onvergent fration of order t is denoted as pt/qt = [0; a1, ..., at] (hene,
qt = kt(a1, ..., at)). We need numbers
λj =
j +
√
j2 + 4
2
, Lj = log λj − j · log 2
2
.
1
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Here j < λj < j + 1. Note that
L2 > L3 > L1 > L4 > 0 > L5 > L6 > ... (1)
and
L5
L5 − L4 >
1
2
. (2)
Also we need the values of ontinuants
kl,j = kl(j, ..., j︸ ︷︷ ︸
l
), k0,j = 1, k1,j = j.
From reursion kl+1,j = jkl,j + kl−1,j we dedue
kl,j = c1,jλ
l
j + c2,j(−λj)−l
where
c1,j + c2,j = 1, c1,jλj − c2,j(λj)−1 = j.
Hene
1− j
j2 + 1
< c1,j < 1, 0 < c2,j <
j
j2 + 1
and
kl,j < λ
l
j . (3)
Also we should onsider the onstants
κ1 =
2 log λ1
log 2
= 1.388+, κ2 =
4L5 − 5L4
L5 − L4 = 4.401
+. (4)
For a natural n and a n-tuple of nonnegative integer numbers (r1, ..., rn) we put t =
∑n
j=1 rj . Now
we dene the set
Wn(r1, ..., rn) = {(a1, ..., at) : #{i : ai = j} = rj}.
Let
µn(r1, ..., rn) = max
(a1,...,at)∈Wn(r1,...,rn)
kt(a1, ..., at). (5)
For real positive ω we dene
Ωω,n,t =
{
(r1, ..., rn) : rj ∈ N0,
n∑
j=1
(j − ω)rj > 0,
n∑
j=1
rj = t
}
.
Let ω = κ2 + η < 5 and η ∈ [0, 1/2). It is easy to see that for any n > 5 the following unequality is
valid:
max
(r1,...,rn)∈Ωκ2+η,n,t
n∑
j=1
rjLj ≤ (L5 − L4)tη, L5 − L4 < 0. (6)
We give the proof of (6) in setion 5.
Also for r1 > 1 we onsider the set
Vn(r1, ..., rn) = {(a1, ..., at) : #{i : ai = j} = rj , a1 = 1}.
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Let
k[r1, ..., rn] = kt(1, ..., 1︸ ︷︷ ︸
r1
, 2, ..., 2︸ ︷︷ ︸
r2
, ..., n, ..., n︸ ︷︷ ︸
rn
).
I.D. Kan in [6℄ proved the following statement.
Lemma 1.
max
(a1,...,at)∈Vn(r1,...,rn)
kt(a1, ..., at) = k[r1, ..., rn].
We should note that Lemma 1 is a generalization of a result from [7℄.
To get an upper bound for k[r1, ..., rn] we use formula
kt+l(a1, ..., at, b1, ..., bl) = kt(a1, ..., at)kl(b1, ..., bl) + kt−1(a1, ..., at−1)kl−1(b2, ..., bl). (7)
Let rh1 , ..., rhf , 1 6 h1 < ... < hf = n be all positive numbers from the set r1, ..., rn. Here hj > j.
Then from (7) and inequalities
krhj+1−1,hj+1 6 krhj+1 ,hj+1/hj+1, k[r1, ..., rhj − 1] 6 k[r1, ..., rhj ]/hj
we dedue the inequality
k[r1, ..., rhj , 0, ..., 0︸ ︷︷ ︸
hj+1−hj−1
, rhj+1] = k[r1, ..., rhj ]krhj+1 ,hj+1 + k[r1, ..., rhj − 1]krhj+1−1,hj+1 6
6 k[r1, ..., rhj ]krhj+1 ,hj+1
(
1 +
1
hjhj+1
)
.
Now
k[r1, ..., rn] 6
n∏
j=1
krj ,j
f−1∏
j=1
(
1 +
1
hjhj+1
)
6
n∏
j=1
krj ,j
n−1∏
j=1
(
1 +
1
j(j + 1)
)
. (8)
But
n−1∏
j=1
(
1 +
1
j(j + 1)
)
6
+∞∏
j=1
(
1 +
1
j(j + 1)
)
6 e.
Hene from Lemma 1, inequalities (8,3) and
kt(a1, ..., at) 6 kt+1(1, a1, ..., at)
as a orollary we dedue the following upper bound for µn(r):
µn(r1, ..., rn) 6 λ1e
n∏
j=1
λ
rj
j . (9)
3. A result by J. Paradis, P. Viader, L. Bibiloni. In [5℄ the following statement is
proved.
Theorem A.
1. Let for real irrational x ∈ (0, 1) in ontinued fration expansion x = [0; a1, ..., at, ...] with κ1
from (4) the following inequality be valid:
lim sup
t→∞
a1 + ...+ at
t
< κ1.
3
Then if ?′(x) exists the equality ?′(x) = +∞ holds.
2. Let κ3 = 5.319
+
be the root of equation
2 log(1+x)
log 2
− x = 0. Let for real irrational x ∈ (0, 1) in
ontinued fration expansion x = [0; a1, ..., at, ...] holds
lim inf
t→∞
a1 + ...+ at
t
> κ3.
Then if ?′(x) exists the equality ?′(x) = 0 holds.
4. New results. Here we give the stronger version of the Theorem A.
Theorem 1.
1. Let for real irrational x ∈ (0, 1) in ontinued fration expansion x = [0; a1, ..., at, ...] with κ1
from (4) the following inequality be valid:
lim sup
t→∞
a1 + ...+ at
t
< κ1.
Then ?′(x) exists and ?′(x) = +∞.
2. For any positive ε there exists a quadrati irrationality x suh that
lim
t→∞
a1 + ...+ at
t
6 κ1 + ε
and ?′(x) = 0.
Theorem 2.
1. Let for real irrational x ∈ (0, 1) in ontinued fration expansion x = [0; a1, ..., at, ...] with κ2
from (4) the following inequality be valid:
lim inf
t→∞
a1 + ...+ at
t
> κ2. (10)
Then ?′(x) exists and ?′(x) = 0.
2.For any positive ε there exists a quadrati irrationality x suh that
lim
t→∞
a1 + ...+ at
t
> κ2 − ε
and ?′(x) = +∞.
Theorem 3. Let in the ontinued fration expansion x = [0; a1, ..., at, ...] all partial quotients aj
be bounded by 4. Then ?′(x) =∞.
We must note that Theorem 3 is not true if we assume that all partial quotients are bounded by
5.
Corollary. The Hausdor dimension of the set {x : ?′(x) = ∞} is greater than the Hausdor
dimension of the set F4 = {x : aj 6 4∀j} whih is equal to 0.7889+.
Here the numerial value of Hausdor dimension for F4 is taken from [8℄. Some resent results on
multifratal analysis of the sets assoiated with values of ?′(x) one an nd in the reent paper [9℄.
5. The proof of formula (6). It is suient to prove the unequality
max
(r1,...,rn)∈Ωκ2+η,n,1
n∑
j=1
rjLj ≤ (L5 − L4)η.
By ej ∈ Rn we denote the vetor with all but j-th oordinates equal to zero, and with j-th oordinate
equal to one. The set Ωκ2+η,n,1 is a polytope lying in the simplex {r1, ..., rn : rj > 0, r1+ ...+rn = 1}.
4
The verties of this polytope are points ej , 5 6 j 6 n and ei,j =
ω−i
j−i
ej +
j−ω
j−i
ei, 1 6 i 6 4, 5 6 j 6 n.
The linear funtion
∑n
j=1 rjLj attend its maximum at a vertex of polytope Ωκ2+η,n,1. Now we must
take into aount inequalities (1,2). So we have
max
(r1,...,rn)∈Ωκ2+η,n,t
n∑
j=1
rjLj = max
{
max
16i64, j>5
((
4L5 − 5L4
L5 − L4 +
jLi − iLj
Lj − Li + η
)
Lj − Li
j − i
)
, L5
}
.
But
min
16i64, j>5
jLi − iLj
Lj − Li =
5L4 − 4L5
L5 − L4 = −κ2
and
min
16i64, j>5, (i,j)6=(4,5)
(
4L5 − 5L4
L5 − L4 +
jLi − iLj
Lj − Li
)
=
4L5 − 5L4
L5 − L4 +
5L1 − L5
L5 − L1 > 0.
Hene
max
{
max
16i64, j>5
((
4L5 − 5L4
L5 − L4 +
jLi − iLj
Lj − Li + η
)
Lj − Li
j − i
)
, L5
}
=
= max
{
η max
16i64, j>5
jLi − iLj
Lj − Li , L5
}
= η(L5 − L4).
Formula (6) is proved.
6. One Lemma useful for the proofs of the existene of the derivative of the
Minkowski question mark funtion. To prove the existene of the derivative it is onve-
nient to use the following statement.
Lemma 2. For irrational x and δ small in absolute value there exist natural t = t(x, δ) and
z ∈ [1, at+2 + 1] suh that
qtqt−1
2a1+...+at+1+z
6
?(x+ δ)−?(x)
δ
. (11)
Also there exist natural t′ = t′(x, δ) and z′ ∈ [1, at+2 + 1] suh that
?(x+ δ)−?(x)
δ
6
(z′ + 1)2q2t′+1
2a1+...+at′+1+z
′−4
(12)
Proof.
It is enough to prove Lemma 2 for positive δ. Dene natural n suh that Fn ∩ (x, x + δ) = ∅,
Fn+1 ∩ (x, x+ δ) = ξ. Let (x, x+ δ) ⊂ [ξ0, ξ1], where ξ0, ξ1 are two suessive points from the nite
set Fn. Then ξ = ξ
0 ⊕ ξ1. One an easily see that for some natural t will happen ξ0 = pt/qt. At
the same time rationals ξ and ξ1 must be among onvergent frations to x or intermediate frations
to x (intermediate fration is a fration of the form pta+pt−1
qta+qt−1
, 1 6 a < at+1). In any ase, ξ
1
has the
denominator > qt−1. Hene
δ 6
1
qtqt−1
. (13)
Dene natural z to be minimal suh that either ξ− = ξ
0⊕ξ ⊕ ...⊕ ξ︸ ︷︷ ︸
z
∈ (x, ξ) or ξ+ = ξ1⊕ξ ⊕ ...⊕ ξ︸ ︷︷ ︸
z
∈
(ξ, x+ δ). Then ξ−− = ξ
0⊕ξ ⊕ ...⊕ ξ︸ ︷︷ ︸
z−1
6 x and ξ++ = ξ
1⊕ξ ⊕ ...⊕ ξ︸ ︷︷ ︸
z−1
> x+ δ. As points ξ−− < ξ− <
ξ < ξ+ < ξ++ are suessive points from Fn+z+1 and ?(x) inreases, we have
1
2n+z+1
6 min{ξ+ − ξ, ξ − ξ−} 6?(x + δ)−?(x) 6?(ξ++)−?(ξ−−) = 4
2n+z+1
. (14)
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Consider two ases:
(i) ξ− ∈ (x, ξ).
(ii) ξ− 6∈ (x, ξ) but then ξ+ ∈ (ξ, x+ δ).
In the ase (i) we have δ > ξ−ξ−. If in addition (ase (i1)) z = 1 then ξ− = p/q, q = z∗qt+qt−1 6
qt+1, 1 6 z∗ 6 at+1, ξ = (p− pt)/(q − qt), n+ 2 = a1 + ... + at + z∗ 6 a1 + ...+ at+1 and
δ >
1
(q − qt)q >
1
(z∗ + 1)2q2t
. (15)
If z > 1 (ase (i2)) then ξ = pt+1/qt+1, ξ−− = pt+2/qt+2, z = at+2 + 1, n+ 1 = a1 + ...+ at+1 and
δ >
1
(zqt+1 + qt)qt+1
>
1
(z + 1)q2t+1
. (16)
In the ase (ii) we have z 6 at+2,ξ = pt+1/qt+1, n+ 1 = a1 + ...+ at+1. Now we dedue
δ > ξ+ − ξ > 1
(zqt+1 + q1)qt+1
>
1
(z + 1)q2t+1
(17)
(here q1 < qt+1 is the denominator of ξ
1
).
From (16,17) and the equalities for a1 + ... + at+1 the ases (i2), (ii) we get
δ >
1
(z + 1)q2t+1
. (18)
In the ases (i2), (ii) we have a1 + ... + at+1 − 1 6 n + 1 6 a1 + ... + at+1. Taking into aount
(13,14)and (18) we obtain
qtqt−1
2a1+...+at+1+z
6
?(x+ δ)−?(x)
δ
6
(z + 1)q2t+1
2a1+...+at+1+z−4
and inequalities (11,12) follows with t = t′, z = z′. We should note that the inequality (11) also is
valid for the ase (i1)as we have n + 2 6 a1 + ... + at+1 and (13,14). As for the upper bound in the
ase (i1) it follows from (14,15) with t′ = t− 1, and z′ = z∗.
Lemma 2 is proved.
7. The proof of Theorem 1. The existene of the derivative and its equality to +∞
in the rst statement of theorem 1 follows from the lower bound of Lemma 2 as we always have
qtqt−1 ≫ λ2t1 and from the inequality a1 + ... + at+1 + at+2 + 1 6 κt + o(t) (take into aount that
κ = lim supt→∞
a1+...+at
t
< κ1).
In order to prove statement 2 of Theorem 1 for small positive η > 0 and natural r we dene
q = r2, m = [r(κ1 − 1 + η)] + 1 > r(κ1 − 1 + η). Now we must take the quadrati irrationality
xr = [0; a1, ..., at, ...] = [0; 1, ..., 1︸ ︷︷ ︸
q
, m, ..., m︸ ︷︷ ︸
r
].
Now we see that
lim
t→∞
a1 + ... + at
t
=
q +mr
q + r
→ κ1 + η, r →∞.
Moreover, taking w =
[
t
q+r
]
we have
qt+1(qt+1 + qt+2)
2a1+...+at
6
12m3(kt(a1, ..., at))
2
2a1+...+at
6
12m322wλ2wq1 λ
2wr
m
2w(q+rm)
6 exp((−ηr2 +O(r log r))w log 2).
6
Here in the exponent the oeient before w is negative when r is large enough. Hene the right
hand side goes to zero when t→∞. It means that ?′(xr) = 0.
8. The proof of the statement 1 of Theorem 2. By Lemma 2 it is suient to prove
that
q2t
2a1+...+at
→ 0, t → ∞. Dene n and r1, ..., rn from the ondition (a1, ..., at) ∈ Wn(r1, ..., rn).
Then (9) leads to
q2t
2a1+...+at
6
(µn(r1, ..., rn))
2
2
Pn
j=1 jrj
≪ exp
(
2
n∑
j=1
rjLj
)
.
From another hand for positive η small enough we have the following situation. For all t large enough
it is true that n > 5 and (r1, ..., rn) ∈ Ωκ2+η,n,t. Now we an use (6) and we obtain inequality
q2t
2a1+...+at
6 exp (2(L5 − L4)tη)→ 0, t→∞.
It means that ?′(x) = 0.
9. The proof of the statement 2 of Theorem 2. Take natural numbers p, q ∈ N suh that
κ2 − ε < 4p+5qp+q < κ2. Dene
xp,q = [0; a1, ..., at, ...] = [0; 4, ..., 4︸ ︷︷ ︸
p
, 5, ..., 5︸ ︷︷ ︸
q
].
Obviously,
lim
t→∞
a1 + ...+ at
t
=
4p+ 5q
p+ q
.
From the other hand
qtqt−1
2a1+...+at+2
>
(
λ2p4 λ
2q
5
24p+5q
)t+o(t)
= exp(2(pL4 + qL5)(t+ o(t))).
But
4p+5q
p+q
< κ2 =
4L5−5L4
L5−L4
and hene pL4 + qL5 > 0. So
qtqt−1
2a1+...+at+2
→∞ and ?′(xp,q) =∞.
10. The proof of Theorem 3. First of all we see that
min
ai∈{1,2,3,4},a1+...+at=n
kt(a1, ..., at) > (19)
> min
{
min
ai∈{1,4},a1+...+at=n−3
kt(a1, ..., at), min
ai∈{1,4},a1+...+at=n−2
kt(a1, ..., at), min
ai∈{1,4},a1+...+at=n
kt(a1, ..., at)
}
.
In order to do this we note that for two elements a, b with other elements xed
kt(..., a, ..., b, ...) = Mab +Na +Kb+ P.
Here positive M,N,K, P do not depend on a, b. Then if the sum a + b = τ is xed we have
kt(..., a, ..., b, ...) = Ma(τ − a) +Na +K(τ − a) + P = −Ma2 + (Mτ +N −K)a−Kτ + P.
So for a, b > 1 we an say that
kt(..., a, ..., b, ...) > min{kt(..., a− 1, ..., b+ 1, ...), kt(..., a+ 1, ..., b− 1, ...)}.
Hene, we an replae a pair 2, 3 of partial quotients by 1, 4 and the ontinuant beomes smaller. Also
we an replae any pair 2, 2 of partial quotients by 1, 3 and the ontinuant beomes smaller. Also
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we an replae any pair 3, 3 of partial quotients by 2, 4 and the ontinuant beomes smaller. This
proedure enables one to replae the set {(a1, ..., at) : ai ∈ {1, 2, 3, 4}, a1+...+at = n} in the left hand
side of (19) by the set {(a1, ..., at) : ai ∈ {1, 2, 3, 4}, a1 + ...+ at = n, #{ai = 3}+#{ai = 2} 6 1}.
Now the inequality (19) follows.
From another hand as all partial quotients are bounded by 4 we have
kt1+t2(a1, ..., at1 , a1, ..., at2) > (1 + ε) kt1(a1, ..., at1)kt2(a1, ..., at2),
where ε is some relatively small positive real onstant. Now from the last formulas and (19) it follows
that it is suient to prove that for every large n the following inequality is valid
min
a1+...+at=n,aj∈{1,4}
kt(a1, ..., at) > (
√
2)n (20)
(here minimum is taken over all t-tuples a1, ..., at suh that a1 + ... + at = n and aj ∈ {1, 4}). This
an be easy veried by indution in n. The base of indution for n = 23, 24 is heked by omputer
by MAPLE (the program is given in setion 10). By the Sylvester theorem any natural number t
greater than 505 = 23× 24− 23 − 24 an be expressed in the form t = 23x+ 24y with nonnegative
integers x, y. Hene for t > 506 we have
kt(a1, ..., at) >
∏
16j6x
k23(a
(j)
1 , ..., a
(j)
23 )
∏
16j6y
k24(b
(j)
1 , ..., b
(j)
24 )
(here (a1, ..., at) = (a
(1)
1 , ..., a
(1)
23 , ..., a
(x)
1 , ..., a
(x)
23 , b
(1)
1 , ..., b
(1)
24 , ..., b
(y)
1 , ..., b
(y)
24 )).
Now (20) follows from the base of indution for n = 23, 24. Theorem 3 is proved.
11. MAPLE program for verifying the inequalities for n = 23, 24. Here is the program
for n = 23. The program for n = 24 is quite similar.
for a1 from 1 by 3 to 4 do
for a2 from 1 by 3 to 4 do
for a3 from 1 by 3 to 4 do
for a4 from 1 by 3 to 4 do
for a5 from 1 by 3 to 4 do
for a6 from 1 by 3 to 4 do
for a7 from 1 by 3 to 4 do
for a8 from 1 by 3 to 4 do
for a9 from 1 by 3 to 4 do
for a10 from 1 by 3 to 4 do
for a11 from 1 by 3 to 4 do
for a12 from 1 by 3 to 4 do
for a13 from 1 by 3 to 4 do
for a14 from 1 by 3 to 4 do
for a15 from 1 by 3 to 4 do
for a16 from 1 by 3 to 4 do
for a17 from 1 by 3 to 4 do
for a18 from 1 by 3 to 4 do
for a19 from 1 by 3 to 4 do
for a20 from 1 by 3 to 4 do
for a21 from 1 by 3 to 4 do
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for a22 from 1 by 3 to 4 do
for a23 from 1 by 3 to 4 do
k1 := a1;
k2 := a2 ∗ k1 + 1;
k3 := a3 ∗ k2 + k1;
k4 := a4 ∗ k3 + k2;
k5 := a5 ∗ k4 + k3;
k6 := a6 ∗ k5 + k4;
k7 := a7 ∗ k6 + k5;
k8 := a8 ∗ k7 + k6;
k9 := a9 ∗ k8 + k7;
k10 := a10 ∗ k9 + k8;
k11 := a11 ∗ k10 + k9;
k12 := a12 ∗ k11 + k10;
k13 := a13 ∗ k12 + k11;
k14 := a14 ∗ k13 + k12;
k15 := a15 ∗ k14 + k13;
k16 := a16 ∗ k15 + k14;
k17 := a17 ∗ k16 + k15;
k18 := a18 ∗ k17 + k16;
k19 := a19 ∗ k18 + k17;
k20 := a20 ∗ k19 + k18;
k21 := a21 ∗ k20 + k19;
k22 := a22 ∗ k21 + k20;
k23 := a23 ∗ k22 + k21;
e23 := 2
(a1+a2+a3+a4+a5+a6+a7+a8+a9+a10+a11+a12+a13+a14+a15+a16+a17+a18+a19+a20+a21+a22+a23)
;
if((k23)
2 < e23) then
print(a1, a2, a3, a4, a5, a6, a7, a8, a9, a10, a11, a12, a13, a14, a15, a16, a17, a18, a19, a20, a21, a22, a23);
end if;
end do;
end do;
end do;
end do;
end do;
end do;
end do;
end do;
end do;
end do;
end do;
end do;
end do;
end do;
end do;
end do;
end do;
end do;
end do;
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end do;
end do;
end do;
end do;
Referenes
[1℄ Minkowski H. Gesammelte Abhandlungen vol.2 (1911).
[2℄ Salem R. On some singular monotone funtions whih are stritly inreasing. // Trans. Amer.
Math. So., 53 (1943), 427 - 439.
[3℄ Kinney J.R. Note on a singular funtion of Minkowski. // Pro. Amer. Math. So. 11 (1960),
p. 788 - 789.
[4℄ Paradis J., Viader P., Bibiloni L. A new light on Minkowski's ?(x) funtion. // J. Number
Theory., 73 (1998), 212 -227.
[5℄ Paradis J., Viader P., Bibiloni L. The derivative of Minkowski's ?(x) funtion. // J. Math.
Anal. and Appl. 253 (2001), 107 - 125.
[6℄ Kan I. D. Rening of the omparison rule for ontinuants. // Disrete Math. Appl. 10 (2000),
no. 5, 477 - 480.
[7℄ Motzkin T.S., Straus E.G. Some ombinatorial extremum problems. // Pro. Amer. Math.
So. (1956), 7, 1014 - 1021.
[8℄ Jenkinson O. On the density of Hausdor dimension of bounded type ontinued fration sets:
the Texan onjeture. // Stohastis and Dynamis (2004), 4, 63 - 76.
[9℄ Kessebohmer M., Stratmann B.O. Fratal analysis for sets of nondierentiability of Minkowski
question mark funtion. // arXiv:0706.0453v1 [math.NT℄ 4Jun2007
Authors:
Moshhevitin Nikolai G., e-mail: moshhevitinrambler.ru
Dushistova Anna A., e-mail: anhatnikbk.ru
10
